Abstract-Interrelationships between the digital differentiator (DD), the digital Hilbert transformer (DHT), and the half-band low-pass filter (1/2-LPF) have been brought out. A number of important properties, confirming the close proximity of these filters, are highlighted. Theoretical results have been substantiated by transforming minima* relative error DD's to equiripple DHT's and equiripple 1/2-LPF's.
. Jackson [3] suggested a procedure, using rotation in the Z plane, for conversion of impulse response of a DHT to that of a 1/2-LPF. Crochiere and Rabiner [4] derived an explicit formula for computation of impulse response for an ideal DHT from that of an ideal 1 /2-LPF. The purpose of this paper is to present a complete picture of the interrelationships and to show how the design of one member of the family can be transformed to that of another, with particular emphasis of minimax relative error designs [1] . The notations h(n) and H{w) will be used for impulse response and frequency response, respectively, and the subscripts D, H, and L will be used to indicate DD, DHT, and 1/2-LPF, respectively. Furthermore, a tilde above the symbol h or H will be used to mean the ideal case, while absence of a tilde will mean a realizable approximation.
II. INTERRELATIONSHIPS

A. Relations Connecting the Impulse Responses
For the ideal case, -7r/2 < w < TT/2 0, elsewhere 
(3b) Fig. 1 shows plots of these responses where the ordinates are appropriately normalized so as to make the interrelationships obvious. A close look at the impulse responses reveals the following main features:
From these observations, explicit relations connecting the impulse responses are easily derived and are given in Table I. In this, 8(n) represents the unit sample and the symbol S(n) has been used, for brevity, to denote sin (mr/2). This will be useful when one wishes to transform a practical design of one member of the family to another; the appropriate off-diagonal entry in Table I is then to be used with tilde removed.
B. Relations Between H D (w) and H H (w)
A little reflection will show that H D (w)/(jw) or d( H D (w)/j )/dw can be used interchangeably since both equal to unity. For the ideal cases, we can write
where prime stands for differentiation with respect to w.
It is obvious that H D (w)/j represents an ideal all pass filter. The ideal DD and the ideal DHT, like the ideal LPF are noncausal and, therefore, cannot be realized exactly; to implement these, some approximation is necessary. Assume noncausal, finite impulse response of length A' (assumed to be odd) for each of these filters. Note that these impulse responses can be made causal by adding a delay of at least From (5) and (7), we obtain -7T < VV, < 7T.
-7T < VV, < 7T.
Dropping the subscript / from vv,, we have the equiripple error function, r D {w), given by
Equations (6) 
C. Relations Between H H (w) and H L (w) and Between H, (w) and H D (w)
Taking N samples (symmetrical about n = 0), from Fig. l(e) , the transfer function of an approximation H H (z) of a causal, FIR DHT can be written as
which gives the frequency response It is easy to show that H H (w + it/2), ~ir/2 < w < ir/2 and also H H (w -TT/2), -IT < w < -TT/2; 7T/2 < w < T are both equivalent to H H (w'), 0 < w' < TT. Hence, from (9) and (17), we get It has been shown that the minimax relative error digital differentiators can easily be transformed to equiripple digital Hilbert transformers and equiripple half-band low-pass filters. Relations connecting their impulse responses and also their frequency responses have been brought out. The precise frequencies of ripple extrema and the magnitudes of their peaks are also shown to be simply related to the corresponding values for the minimax relative error differentiators. The proposed relations portray the picture in totality and give a clear insight into the connection between the subject filters. These can also affect considerable savings in the memory space in digital processing systems since the coefficients for Hilbert transformers are seen to be readily obtainable from those of the digital differentiators, obviating the necessity for their separate tabulation as done in [1] and [2] . It is concluded that the digital differentiators, the digital Hilbert transformers, and the digital half-band low-pass filters belong to a very closely knit family of filters.
